Lecture 22: Simple Linear Regression and Least Squares

o Correlation
@ Method of least squares

@ Regression
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Lecture 22: Simple Linear Regression and Least Squares Introduction

Introduction

— In the last lecture we talked about testing difference in means for multiple
groups using one-way ANOVA.

— In the remaining lectures, we will learn to model numerical variables, and
quantify the relationship between two numerical variables, as well as
modeling numerical response variables using a numerical or categorical
explanatory variable.

— Today we will talk about predicting one variable from another when
observations are observed in pairs, taking us back to a formal discussion of
correlation.

— We will also learn about fitting a line to such data using least squares and
regression.
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Lecture 22: Simple Linear Regression and Least Squares Line fitting and residuals

Poverty vs. HS graduate rate

The scatterplot below shows the relationship between HS graduate rate in all
50 US states and DC and the % of residents who live below the poverty line
(income below $23,050 for a family of 4 in 2012).
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Lecture 22: Simple Linear Regression and Least Squares Correlation

Quantifying the relationship

@ Correlation describes the strength of the association between two

variables.
o It takes values between -1 (perfect negative) and +1 (perfect positive).

@ A value of 0 indicates no linear association.

Duke University 3

Dr. Shaobo Han,  STAI111: Probability and Statistical Inference



Lecture 22: Simple Linear Regression and Least Squares Correlation

Correlation

Recall that we defined correlation between two random variables x and y as:

C )
Corr(x,y) = —0(:(;_ y)
x0Ty

Formally, Correlation is a measure of the strength of the linear association
between two variables.

Consider an example which studied the relationship between the height of
fathers and the height of sons. Clearly, tall fathers tend to have tall sons, and
short fathers tend to have short sons. If the father’s height were a perfect
predictor of the son’s height, then all father-son pairs would lie on a straight
line in a scatterplot.

We will review two methods (least squares and regression) of fitting a line to
the points in a scatterplot in a bit.
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Lecture 22: Simple Linear Regression and Least Squares Correlation

Correlation

The sample correlation coefficient r estimates the true correlation and
measures the strength of the linear association between x and y values in a
scatterplot. If the absolute value of the correlation is near 1, then knowing
one variable determines the other variable almost perfectly (if the relationship
is linear).

@ r lies between -1 and 1, inclusive.

o requals 1 iff all points lie on a line with positive slope.

@ requals -1 iff all points lie on a line with negative slope.

@ non-zero r does not imply a causal relationship; that is, we can’t say for
sure that x causes y or y causes Xx.

The square of the correlation is sometimes called the coefficient of
determination. It is the proportion of the variation in y that is explained by
knowledge of x. This is usually used in the simple case of two variables.
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ion and Correlation

Correlation

In our height example, we clearly have a strong positive correlation between
the height of fathers and the height of sons.
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Lecture 22: Simple Linear Regression and Least Squares Correlation

Correlation

To estimate the true correlation coefficient, define

n n
S8 = Z(X,‘—)_C)z = inz—n)_cz
i=1 i=1
S8y = Z()’i—)_’)z = ny - ny*
i=1 i=1
n n
SSxy = Z(x,- —)_C)(yl —)_)) - Z X;Vi —I/l,)?f_)_).
i=l1 i=1

Note: observe that if divided by n — 1, these are the sample versions of the
variances and the covariance. So there’s no need to memorize.

Then the sample correlation is
Cov(x,y) SSy/n—1 SS
r =

Ty S a/n=1)(8Sy/n-1)  NS5uSSn
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Lecture 22: Simple Linear Regression and Least Squares

Guessing the correlation

Which of the following is the best guess for the correlation between % in
poverty and % HS grad?

(a) 0.6

(b) -0.75
(c) -0.1
(d) 0.02
(e) -1.5

% HS grad
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Lecture 22: Simple Linear Regression and Least Squares

Guessing the correlation
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Lecture 22: Simple Linear Regression and Least Squares
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Lecture 22: Simple Linear R ssion and Least Squares

Assessing the correlation

Which of the following is has the strongest correlation, i.e. correlation coeffi-
cient closest to +1 or -1?
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Lecture 22: Simple Linear Regression and Least Squares

Assessing the correlation

Which of the following is has the strongest correlation, i.e. correlation coeffi-
cient closest to +1 or -1?
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Lecture 22: Simple Linear Regression and Least Squares Correlation

Correlation

One can show that the coefficient of determination 2 is the proportion of the
variance in y that is explained by knowledge of x.

Correlations are often high when some factor affects both x and y.

@ GPA and SAT scores are both affected by 1Q.

@ number of hours spent listening to Taylor Swift and GPA are both
affected by lifestyle.

It is hard to argue that correlation implies causation. GPA does not cause SAT,

and Taylor Swift does not hurt GPA. Sometimes, the link might be causal.
Hours of study are probably correlated with GPA, and the link is likely causal.
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Lecture 22: Simple Linear Regression and Least Squares Least Squares

Method of Least Squares

Suppose we are interested in describing the relationship between two
variables x and y, we might simply fit a straight line to the data. This is
relatively easy and straightforward to do.

Recall that the algebraic equation for a line is

y=po+pix

where f3, is the intercept and 8, is the slope. If we can estimate the values of
Po and By, then predicting a value for y given a new value for x is again easy
by simply plugging in the values.

But how exactly should we fit the line if we have data that don’t already lie on
a straight line?
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Lecture 22: Simple Linear Regression and Least Squares

Eyeballing the line
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Lecture 22: Simple Linear Regression and Least Squares

Eyeballing the line
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ssion and Least Squares

Residuals

Residuals are the leftovers from the model fit: Data = Fit + Residual
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Lecture 22: Simple Linear Regression and Least Squares Least Squares

Residuals (cont.)

Residual
Residual is the difference between the observed (y;) and predicted ;.
ei = yi—Ji
18+
16+
2144 @ % living in poverty in DC
g is 5.44% more than
S 12 .
2 predicted.
< 107 @ % living in poverty in RI
8- 18 4.16% less than
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Lecture 22: Simple Linear Regression and Least Squares Least Squares

A measure for the best line

@ We want a line that has small residuals:

@ Option 1: Minimize the sum of magnitudes (absolute values) of residuals
le1] + leal + - -+ + len]
© Option 2: Minimize the sum of squared residuals — least squares
Gtette

@ Why least squares?

@ Most commonly used

© Easier to compute by hand and using software

© In many applications, a residual twice as large as another is usually more
than twice as bad
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Lecture ion and

The least squares line

y=PBo+pix
predicted y A// \
slope explanatory variable
intercept

Notation:
o Intercept:
» Parameter: So .
» Point estimate: Sy = by
@ Slope:

> Parameter: 3
» Point estimate: 1 = by
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Lecture 22: Simple Linear Regression and Least Squares Least Squares

Method of Least Squares

Example 1: The scatterplot below shows lung cancer rate against the
proportion of smokers for 11 different countries (Doll, 1955).
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Lecture 22: Simple Linear Regression and Least Squares Least Squares

Method of Least Squares

In this example, it is not quite possible to fit a line that accommodates or fits
all points reasonably well.

One method of constructing a straight line to fit the data is known as method
of least squares. The method of least squares tries to fit the line that
minimizes the sum of the squared deviations from each point to the line,
where deviation is measured in the vertical direction.

Note: This does not measure deviation as the perpendicular distance from the
point to the line.

x2, ¥2) x2, y2)

x3, ¥3) x3, y3)

=l yl) L yl)
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Lecture 22: Simple Linear Regression and Least Squares Least Squares

Method of Least Squares

Thus, to find the estimates By and 3; of the coefficients in the equation of a
line, we need to get the values that minimize the sum of the squared vertical
distances. The sum of the squared vertical distances is

n n

FBoBr) = 3 =5 = > [yi— (o + p1xi))?

i=1 i=1

So take the derivative of f(Bo,1) with respect to By and S, set these equal to
zero, and solve. One finds that:

Thus, the line defined by y = By + f31x is the least squares line.

Dr. Shaobo Han,  STA111: Probability and Statistical Inference Duke University 20



Lecture 22: Simple Linear Regression and Least Squares

Given...
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Lecture 22: Simple Linear Regression and Least Squares Least Squares

Slope
Slope
The slope of the regression can be calculated as
b — SSxy Sy
TS5 sxcorr
In context...
by = 5.1 x —0.75 = -0.62
Pzt

Interpretation
For each additional % point in HS graduate rate, we would expect the %
living in poverty to be lower on average by 0.62% points.
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Lecture 22: Simple Linear Regression and Least Squares

Least Squares

Intercept

Intercept

The intercept is where the regression line intersects the y-axis. The calculation
of the intercept uses the fact the a regression line always passes through (%, 7).

byg=y-b1x

The regression line always pass through (X, 7).

bo = 11.35 = (=0.62) x 86.01
g S, — 64.68

Dr. Shaobo Han, ~ STAI111: Prob:
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Lecture 22: Simple Linear Regression and Least Squares Least Squares

Which of the following is the correct interpretation of the intercept?

(a) For each % point increase in HS graduate rate, % living in poverty is
expected to increase on average by 64.68%.

(b) For each % point decrease in HS graduate rate, % living in poverty is
expected to increase on average by 64.68%.

(c) Having no HS graduates leads to 64.68% of residents living below the
poverty line.

(d) States with no HS graduates are expected on average to have 64.68% of
residents living below the poverty line.

(e) In states with no HS graduates % living in poverty is expected to increase
on average by 64.68%.
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Lecture 22: Simple Linear Regression and Least Squares Least Squares

Which of the following is the correct interpretation of the intercept?

(a) For each % point increase in HS graduate rate, % living in poverty is
expected to increase on average by 64.68%.

(b) For each % point decrease in HS graduate rate, % living in poverty is
expected to increase on average by 64.68%.

(c) Having no HS graduates leads to 64.68% of residents living below the
poverty line.

(d)

(e) In states with no HS graduates % living in poverty is expected to increase
on average by 64.68%.
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Lecture 22: Simple Linear Regression and Least Squares

Least Squares

More on the intercept

Since there are no states in the dataset with no HS graduates, the intercept is

of no interest, not very useful, and also not reliable since the predicted value
of the intercept is so far from the bulk of the data.
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Lecture 22: Simple Linear Regression and Least Squares

Regression line

% in poverty = 64.68 —0.62 % HS grad
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Lecture 22: Simple Linear Regression and Least Squares Least Squares

Interpretation of slope and intercept

@ [ntercept: When x = 0, y is
expected to equal the intercept.

@ Slope: For each unit in x, y is
expected to increase / decrease on
average by the slope. o —

Note: These statements are not causal, unless the study is a randomized controlled experiment.
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Lecture 22: Simple Linear Regression and Least Squares Prediction & extrapolation

Prediction

@ Using the linear model to predict the value of the response variable for a
given value of the explanatory variable is called prediction, simply by
plugging in the value of x in the linear model equation.

@ There will be some uncertainty associated with the predicted value.
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Lecture 22: Simple Linear Regression and Least Squares

Extrapolation

@ Applying a model estimate to values outside of the realm of the original
data is called extrapolation.

@ Sometimes the intercept might be an extrapolation.
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Lecture 22: Simple Linear Regression and Least Squares Prediction & extrapolation

Examples of extrapolation

n
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Lecture 22: Simple Linear Regression and Least Squares Prediction & extrapolation

Examples of extrapolation

News Front Page

*
‘g i
.,
Africa
Americas
Asia-Pacific
Europe
Middie East
South Asia
uk]
England
Northern Ireland
Scotland
Wales
UK Politics
Education
Magazine
Business
Health
Science &
Environment
Technology
Entertainment
Also in the news

W I One-Minute World News

Last Updated: Thursday, 30 September, 2004, 04:04 GMT 05:04 UK
B3 E-mail this to a friend & Printable version

Women 'may outsprint men by 2156’

Women sprinters may be
outrunning men in the 2156
Olympics if they continue to
close the gap at the rate
they are doing, according to [
scientists. b

An Oxford University study
found that women are running
faster than they have ever
done over 100m.

sprinters

At their current rate of improvement, they should overtake
men within 150 years, said Dr Andrew Tatem.

The study, comparing winning times for the Olympic 100m
since 1900, is published in the journal Nature.

However, former British Olympic sprinter Derek Redmond
told the BBC: "I find it difficult to believe.

"I can see the gap closing between men and women but I
can't necessarily see it being overtaken because mens' times
are also going to improve."

Duke University
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ple Linear Regression and Least Squares Prediction & extrapolation

Examples of extrapolation

Momentous sprint at the 2156 Olympics?

Women sprinters are closing the gap on men and may one day overtake them.

Winning time (s)

Figure 1 The winning Olympic 100-metre sprint times for mean (blue paints) and women (rad paints), with superimpesad best-fit inear ragres-
sian lines (solid black lines) and coefficients of dstermination. The regression lines are extrapolated (broken blue and red lines for men and
women, respectively) and 85% confidenca intervals (dotted black lines) based on the availzble points are superimposed. The projactions intar-

STAI11 nd Sta Duke University
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Lecture 22: Simple Linear Regression and Least Squares Regression

Regression

Regression terminology:

@ The response variable is labeled y, the variable we are often interested in
explaining or predicting. This is sometimes called the dependent
variable.

@ The explanatory variable is labeled x, the variable we think/hope
explains y. This is sometimes called the independent variable, or the
covariate.

The regression model assumes that the observed response is :

yi =PBo+Bixi + €

where the ¢;’s are random error (due to genetics, measurement error, etc.). We
assume that these errors are independent and normal with mean 0 and
unknown sd o.. We assume the x;’s are measured without error.
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Lecture 22: Simple Linear Regression and Least Squares

Regression

Regression

In regression, we assume that the y values are observed values of a collection
of random variables. In this case, it turns out that assuming a normal

distribution makes the maximum likelihood estimates of 8y and 3, the same
as what we had for the method of least squares.

In fact, we have that y; ~ N (,80 + Bixi, O'E) By MLE, it turns out that

>

Bo=3-Bi% Pi1=554/SSu

just like we had before using the method of least squares. Can we find V 3]
and V[3]?

By the way, how should we interpret Sy and 5;? By is usually the average of y
when x is zero, thus it is only meaningful when x can be zero (think about

when x represents the height of a person). For 81, every unit increase in x
corresponds to an increase in y by 3.
Dr. Shaobo Han, ~ STAI111: Pro

ility and Statistical Inference
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Lecture 22: Simple Linear Regression and Least Squares Regression

Regression

Regression predicts the average value of y for a specific value of x.

This is not the same as saying that an individual value lies on the line. In fact,
an individual is often likely to be far from the line.

Example 2: Suppose we regress exam grade against number of hours of study
per week. Assume the regression line is y = 20 + (7x). (Is this reasonable?
When would it break down?)

@ If you are advising a class on how to study, you tell them that the
regression model says they should work for 10 hours a week on the
material if they want to score a 90.

@ John complains that he studied conscientiously for 10 hours each week,
but his exam grade was only 40.

Is the result for John unexpected? We can calculate how likely the event is
since we have assumed a normal distribution.
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Lecture 22: Simple Linear Regression and Least Squares Regression

Regression

To decide this, we first need to estimate o, which says how far from the line
an observation is likely to be. To do this, we look at the sample standard
deviation of the residuals.

The residuals are our estimates of the random errors, so {& = y; — ¥;}, where
9; is the value predicted by the regression line. The difference is the estimated
error for the ith observation.

Thus an unbiased estimate is

1 n
5 — 5.2
T = n_zi_El(yl YI)-

and we divide by n — 2 because we have estimated two parameters 3y and 1,
in calculating the residuals, and thus we “used up” a quantity of information
equivalent to two observations.
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Lecture 22: Simple Linear Regression and Least Squares Regression

Regression

Suppose the sample standard deviation of the residuals around the line that
predicts score from the number of hours of study is 38. What is the
probability that John would get a grade of 40 or below?

The predicted value for John is ¥ = 20 + (7 x 10) = 90. The standard
deviation around that is 38.

Assuming that the deviations from the line are normal, then the chance of
John getting a 40 or less is the area under the curve and to the left of a normal
distribution with mean 90 and sd 38.

So the z-transformation z = (40 — 90) /38 = —1.315. From the table, he has
a 9.68% chance of this low a grade.

We are able to do this because under the regression assumptions, an individual
with explanatory variable x; has response value y; where

yi ~ N(Bo + Bixi,0¢). So we can estimate the probability of particular
outcomes using By, A1 and &.

Dr. Shaobo Han,  STA111: Probability and Statistical Inference Duke University 37



Lecture 22: Simple Linear Regression and Least Squares Regression

Regression

Be aware that regressing y as a function of x gives a different regression line
than regressing x against y. If your best estimate of the weight of a man who
is 5°10” is 170 pounds, that does not mean that the best estimate of the height
of a man who weighs 170 pounds is 5°10”.

The mathematical model for regression assumes that:

1. Each point (x;,y;) in the scatterplot satisfies:

yi =PBo+Bixi+ €

where the ¢;’s have a normal distribution with mean zero and (usually)
unknown standard deviation.

2. The errors € have nothing to do with one another; they are independent.

3. The X; values are measured without error. Thus all the error occurs in the
v, and we do not need to minimize perpendicular distance to the line.
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Lecture 22: Simple Linear Regression and Least Squares Recap

Recap

Today we learned about fitting lines to observed data when we only have two
numerical variables. The least squares method minimizes squared residuals.
We also talked about interpretations of the slope and the intercept, prediction,
and extrapolation.

In the next lecture, we will introduce conditions for least squares regression
and types of outliers.

Suggested reading:
e D.S.Sec. 11.1,11.2
e Openlntro3: 7.1,7.2
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